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HODRICK-PRESCOTT FILTER IN PRACTICE

HILDEGART AHUMADA * MARIA LORENA GAREGNANI

Almost twenty years after its first presentation i the literature,
Hodsick- Prescott (HPY filter is still the favourite empirical technique among
researchers who attempt Lo separate cyclical behaviour from the Tong run path
of ceonomic serics. Applied to both “true™ and “artificial™ data, filtered Series
have been studied mainly to discover “stylised facts™ in business cycles by
observing and comparing univariate  and  cross  moments: variability.
awocorrelation, bivariate correlation, cte.

In spite of its wide use. not  “mechanical”™ HP filtering has been
exceptional given nowadays software facilities and invoking as justification
the optimality criterion from which the filter can be derived. At the same
time, a large fiterature has pointed out several “problems™ of applying the
~popular” filter. as alteration of variability and persistence and detecting
spurious cycles and correlations. among the most important ones.  The
purpose of this paper is to discuss the filter from an empirical point of view
trying 1o clarify what it can and cannot do and suggest some adelines for
evaluation. Next section describes the filter. Section 3 reviews some critical
literature. Section 4 reinterprets them to derive evaluation criteria. Sectton 5
presents simulation results to evaluate bivariate correlations of filtered serics.
Section 6 discusses the filter in econometric medels. Section 7 shows some
examples of descriptive analysis for macre aggregates (rea activity, trade
flows and money) of Argentina. Section 8 concludes.

2-The HP filter

The conceptuat framework presented by Hodrick and Prescott can he
summarised as follows,

CETINT, UTDT. UNLP
UNLP
" Huodrick and Prescott (19813 reprinted in Hodrick and Prescou (1997,
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agiven series v is the sum of growth componend g and cyclical
component c..
The growth component is determined from solving the next problem,

Min{¥._; o "+ X oo g g, ) gL gen) | Y (2)

where the cyelical components are deviations from the long run path
(expected to be near zero on average over long time period) and smoothness of
the growth component is measured by the sum of squares of its sccond
difference:

A g = (]‘L)z & o= (g - g J-lgn -

where L denotes the lag operator, L x, = x, ,

The parameter A is a positive number which penalises variability in
the growth component: the larger its value. the smoother & . In the Timit ax
A approaches iufinity. the first difference A Z=(&- g ) tends to a constant
and the solution of the problem to a least square fit of a linear trend. In this
original framework a prior value of the smoothing parameter is obtained by
assuming a probability model in which:

¢~ IN(0, o) .30

Mg e~ IN(D, o%)(3b)

The expected value of g given observations is the solution of the
problem in equation (2) when A4 = o,/ O

Thus the authors suggest for quarterly data: A'° = [(5/ (1/8)]
and 2 =1600. However, they rccognise the restriction imposed by these
assumptions. Sensitivity analysis of results 1o such  “A™ ix exploted which
confirms it is a rcasonable value for the case studicd.

Three aspects merits to be remarked in this formulation: a) given
equation (1), no irregular component is assumed in the decomposition of the
serics, which is therefore subsumed as part of the cyclical component; b) the
minimisation problem, equation {2}, and as consequence of a), supposes ¢, as
residual of the growth estimation (growth and cycle both unohservable) and
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¢ the value of & is not determined, in principle, by optimisation but it is
matter of choice of empirical investigators. in general only based on “prior
beliels”. These issues are later discussed.

A useful insight of the HP filter can be derived from its representation
on time domain as presented m King and Rebelo (1993) who consider the casc
of “infinite sample”™ ignoring “applied” questions of endpoints treatment (see
Hodrick and Prescott, 1981.1997). In this case growth component can be
expressed as.

that is, g, is & (wo side weighted moving average of the eriginal
series y. and therefore,

= = [1- (L) | y¢ = C{L) vy (5)

the cyclical component 1s also a moving average of the series. G{L)
and C (L) are “linear filters”.

Since the information set of this optimisation problem is the
whole sample. the first order condition , from (2) given (1),

0=-2 (ye - g ) +2 L O < - T B
Lge - e bl -4 x o Can - g y - -
(g: — g V1L +2xr [ (g - g ) -
(g = g ]

which can be writien as
FiL)g. = v (6)
F{L} isthe lag polynomial,

‘h

Fil)=A L "-4 AL '+(6 A+1) -4 AL + A L-
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2

=k (1-T3° ( 1-L )" + 1]
[2A7 1] (D

where ¥ indicates “centred” or * a forward second difference of the
hackward sccond difference™,
A= o4 54 Lo+ U

=] ( 1-L)" ( 1-L"-)"]

Thus,

F(Ly “'= G(L)

and -

oLy = | F(L) -1 | F(L)

=AY 7 A 1] (®)

Hence. Kmg and Rebele indicate that this cyelical filter “is capable of
rendering stationary any integrated process up to fourth order. since there are
four differences in the numerator”.

Notwithstanding the above derivation of HP filter (minimising a cost
function which penalises both departure of actual series from growth and
changes in the rate of growth), there is another — less formal- mterpretation of
the filter: the long run component. the “trend”. is what an analyst would draw
by hand through the plot of the data (see. Kydland and Prescott. 1990), Next
section concentriates on its critics.

3- A review of critics.,

Difterent papers have analvsed shortcomings and drawbacks of the
filter. A good summary of them is offered by Ravn and Uhlig ¢ [997): the filter
might generate most of the cycles. the filter is only “optimal™ (minimum -
square- error) in spectal cases and may produce extreme second  order
properiies of detrended data. They. however. suggest that “none of these
shortcomings and undesirable properties are particularly compeliling: the HP
filter has withstood the test of the time and the fire of discussion remarkahly

“ s also virtwally wdentical to a “nawral cubic spline™ lor a given A (see Dooraik and Hendry,
1096}



HODRICK-PRESCOTT FILTER IN PRACTICE (3

well {op.cit..p 1" Some of this critical litcrature is next disenssed trying to
precise how “compelling”™ such critics are, in the following sections.

Singicton ( 1988) pointed out that pre-filtering has important effects on
the dynamic interrelation among series (assurmng a VAR representation). in
particular he found inconsistent estimates ot parameters. He proposed to study
sccular and cyclical frequencies simultaneously.  Section 6 considers these
issues.

More recent literature concentrates on other features ol the HP filier.
King and Rebelo (1993) showed cases i which persistence, variability and
comovement of (simulated and actual) cconomic series arc altered after
filtering in comparison with those of raw data. They also found that HP filter
is optimal -in the sense of minimising the mean square error- for a limited
class of ARIMA models. which “arc unlikely to be even approximately truc
practice” {op.cit. p. 230).

More influential has been Cogley and Nason (1995) that concentrated
their critics on the possibility of obtaining “spurious cycles = when filtering
“difference stationary data”(like a random-walk representation). Harvey and
Jacger (1993) extended the anmalysis to show the possibility of “spurious
sample cross correlation” hetween spurious cycles. Then they put a warning to
the “uncritical use of mechanical detrending™ (op. cit., p.231). These authors
also interpreted HP filter in terms of “structural time series models”(Harvey,
1989 which would correspond to a special (restricted) case of them.

Canova (1998) compared HP with other detrending  techniques
concluding that “stylised facts” are highly dependent on the alternative
methods in practice.

As this type of filter (and the decomposition it assumes) has a long
history. the controversy about “filtering” is neither new. Hodrick and Prescott
dated the filter in 1923 and similar approaches even in the last century. At the
sarne time the decomposition of economic series is mainty based of 1919 wark
of Persons. based on the idea of different causal forces of cyclical and trend
cornponents. N

“Then they dedicate w analyse how w adjust A
FSee Singleton (1988) for a discussion of this work an its critics supported by the famous
debate hetween Burmns and Mitchell and Koopmans,
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On the other side, Harvey and Jacger considered the spurious cyclical
behaviour from applying HP filter as “a classic example™  of the Yule-
Slutsky elfect {op.cit., p.234).

Slutsky in 1937 (see Sargent (1979) for an exposition) considered the
elfect of starting with & white noise M., taking a two period moving sum n-
times and then first differences m-time,

(T+LY'(1-L)"u=7, (9)

then he showed that 7z has cyclical behaviour as n — e ° Given
equations  (4) and (5) such possibility cannot be excluded a priori when
applying HP filters,

Recalling that the problem of “filtering”™ is closely related to scasonal
adjustment in empirical works, next section will reinterpret critics as part of a
progressive approach in order to derive some guideline 1o evaluate the
resulting decomposition.

4- Reinterpreting critics from a practical point of view

Suppose that an investigator is ready (o apply HP filter in order to
separale growth from cycle of cconomic series taking advantage from “easy
use” software facilities. What can be learnt from the previous discussion?
First of all, * a more critical and less mechanical™ use of the filter is required.

Since modelling of unobservable components "g" and "¢;" from "y," is
the issue, the additive (or log additive} decomposition, equation (13 should be
assumed as the univariate representation and thercfore, Persons’ views on
difterent driven forces of components should be shared. This also implics that
the seasonal component -if present- has been somchow removed (whose
effects could merit additional discussions) and the trregular has been absorbed
by "¢,

Moreover. since both components are determined from a given "y,
the separation supposcs that the fraction "Ik AT 41 v correspends
o "g"and “RAY /| AAY 4 I v corresponds to "¢, (from cquations
(1) and (8)). The “weights™ are the same for all series except for A, which
teflects the trade off between minima series departures from long-run and

" The spectrum ol #, hag o sharp peak at frequency 12, Similar reselts are found Tor the “lang
swings™ arising from Kuzrets transformation.
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mintma departures of last growth rate {equation (2)) . Arc these terms those
that matter for the cost function? Does it make sense to peg the rate of growth
or the level of the long run component to their past values {as in the case of
"cxponential smoothing”, sce King and Rebelo. 1993)? Are sach terms the
only ones or cross terms should also be included 1n the relevant function to
minimise?  Although these questions are difficult to answer a priori, a good
practice would indicate to check if what is obtained by “filtering”™ is what is
expected to he.

As previously scen the terms in the cost function is weighted by A,
which is the only parameter under “‘control”. Uniess the rescarcher performed
4 maximum likelihood approach to estimate simultaneously A, its value should
be “euessed™. The default  value has been set al 1600 for quarterly data
accordingly to the basic probability medel of HP summarised in scction 2,
which depends on the assumption about the ratio of variance between cyelicul
and growth rate white noises (sec also King and Rebelo, 1993, 2245, In the
Hodrick- Prescott “s paper A takes values fraom 400 to = (perfect smoothing)
for the sensitivity analysis of the filtered data. However, the range for this
periodicity might be considerably wider it a different representation i
assummed, as in Nelson and Plosser (1982, see also Canova 1994) which closest
value is about 1.

Other frequencies are still more controversial. From the default value
of 1600 for quarterly data, lincar or guadratic adjustments have been used 1
applied works {say A= 400 or 100 for annual data). Recently, a power
adjustment of 4 has been proposed since the transfer function is in this way
mvartant to the sampling frequency (A = 6.25 for annual data) (Rava and
Uhlig, 1997)

Given such a range of values, agam, empirical work should evaluate
whether or not estimated growth and cvcle reject their conjectured behaviour.
Minima criternia are: all long-run components (low frequencies) should be part
of "g" whereas other components of shorter periodicity thigher frequencies)
should be left to "¢, . However. it is expected 1o be not too "noisy” {nol too
much weight on the highest frequencies). Although Hodrick and Prescatt
present unit root tests of the cyclical compaonents, it 1s not common o sce such
tests, spectra or just correlograms.  In other cases, neather a visual mspection

Harvey and Jacger found usually too low values of A when applying maximun hkelihood,
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is offercd to evaluate “how welt™ the investigator “draw by hand™ the trend.
usinge a specitic A.

The probahility model from which Hodrick and Prescott derived a
prior for A huas some nterpretation problem as it has been used as a
“paradigm™ in this litcrature even though these authors recognised the
limitations of asswming such a representation.(op. ¢it. phl. As shown in
section 2, equations (O) and (7).

}LA.L + e =y

P

~
AN o=y - =1

, ‘2 E
AL -1 @ =«

and  given the data generating process (DGP) assumwed for the long
run component, {(equation (3b))

; Iy

f\.[ ]—L i o = ()

Me=2e+eu-]=c (1M

Therefore ¢, 1s not white noise as assumed 10 the DGP (equation (3a))
but A times o non-mvertible MA(2) whose roots are, therefore, outside the
range of those showing cyclical behaviour. Note that the information in t+1
and t+2 is known since the optimisation s over the whole sample t=-1... T
(cquation {(2}). '

Another view of the same question 1s obtained when derving growth
(equations (0) and (7)) from the DGP assumed (equations (3u) and (3h)),

(RA + Dg=y, =g / A ) + ¢

Aw=g +(1-Lye -2 (-LYy T (-Lyhg (1

then A" g cannot be white noise as supposed in the DGP.

Simitar considerations apply to the structural representation whenever
it 15 cquivalent Lo go= ARIMA (0.2,1) and ¢, = ARMA (2.1}, subject to
restrictions (the AR part corresponding to complex roots (Harvey and Jaeger,
1993 p. 234 ) and a difference stationary (as  that analysed by Cogley and
Nason( 1995)) or second difference stationary representation oy, In the first
case, equation (1) can be generalised and &A™ g, does not result as MA(1).
For the latter, assuming

Ay =1, N~ I, o)
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and

co= [RAT 0 AT Ly, = RAT M RAT 4 | A
ar

c=n (1L, + AL (1LY e (12)

and therefore. ¢, does not appear as a “typical” cyele within the class
of ARMA models.

Nelson and Plosser (1982)  suggested this kind of problem when
expressed “HP strategy implicitly imposes a components model on the data
without investigating what restrictions are implied (a difficult task in their
model) and whether those restrictions are consistent with the data™ p. 158

Therefore. rescarchers on the HP filter should have in mind a DGP
which differs from these thal can be expressed in terms of the fumily of the
ARIMA class. since much of the debate can be put in terms of  the
conjectured DGP. Then. the task is o look for tools to test that the results
obtained do not rejeet the conjectures. Evaluating the behaviour of estimated
components -us above discussed- would be one part of the question. The other
is the possibility of spurious cross correlation between spurious cycles.

Harvey and Jaeger (1993) made a simulation excreise assuming s
DGP independent random walks and first differences random walks and
showed that spurious correlation hetween spurious cycles mity, not he
negligible. They evaluated cross correlation of these independent processes
using asymptotic standard errors (SE) (Brockwell and David (1987, p.400) and
recommend reporting SE in addition to point estimates of cross—correlations
(p.245). While their simulation concentrates on rejecting the null {p..=))
when it is true by construction, the other side of the test showld be performed:
not rejecting the null when it is false. but the DGP should be different of
random walk or difference random walk, otherwise it makes no sense the HP
filtering. Next scction presents some results of a simulation exercise using ULS
GNP series, for which “the HP tilter is tailor-made for extracting the business
cycie component” (Harvey and Jacger(1993), p. 2306).

5- Simulation results: testing “genuine” cross correlations.

Following Harvey and Jacger (1993) sample cross correlations could
be evaluated taking into account their asymptotic distribution
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oo
rofb) < AN(O. T (1423 p, () py(i))
=1

where rofh) s the sample cross correlation at lag h bhetween two
seties with sample Tand  p, (j), p, (i) are the autocorrelation of slationary
processes X, and y,at lag j. In this way the probability of finding targe spurious
correlation between independent spurious cycles could be taken into account.

tn order to consider how it could perform in the case of cvaluating a
“genuine” correfation between two series with “typical” cyehical behaviour
(for which the HP filter would be most appropriate) three series were
generated assuming that the cyclical component of the US GNP’ (now X0
contributes 80%, 50%. 20% and 10% 1o the variance of the artificial series,
Thus, normal random numbers were added as errors 1o obtain Vosm- ¥ soe Yoo
- Appendix | shows cross plots and autocorrelations for each series for the
sample 591y 98(3). Table | reports simulated sample cross correlations and
the autocorrelation adjusted SE times the limit of the 95% confidence interval
tor pu(0) = 0 where  py, denotes population cross correlation coetficient
between two independent stationary scries. The cmpirical (large sample)
approximations to the SE were made considering  the sample autocorrelation
ro)and oy, (§y withj=ito . I= 4T

TABLE 1
Simulated “sample” cross correlations and autocorrelation adjusted SE

1=l
Tt (L9 T 751 +2 v G, (i
=1
¥ o ()H()(ﬁ (128

The series 15 taken from the National Bureau of Geonommic Rescarch.
Note that it is usua! to make singlar approximations o evaluate univariae aocorrelations
fsee Nelson 1973y,
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Y 0,699 0.24
¥ 2o 0,436 0.22
¥ 1o (1,309 0.16

The first column reports sample cross corelations between x, (the “e ol the US GNPy and  y,
(generated  Tor explained  variances of 805020 and 0%} the second colunm shows
autecorrelation adjusted ST times the limit (absolute value) of 953%: conlidence interval;

J=4. Note that (1.96. 177" ) =010

In each case, even for smallcst, cross-correlation can be empirically
detected as significant (not inside the 95% confidence interval for po= 0 ).
As the exercise suggests, using these “autocorrelation adjusted”™ SE  could
help to evaluate cross correlations between cyclical components’ having some
protection from the “spurious corrclation  problem”. Note that the same SE
can be used for ditferent h.

6. Why not to use filtered series when estimating econometric
relationships.

Although almost nobody could disagree about using scasonally
adjusted data to better understand cconomic series behaviour as part of a
descriptive analysis, their use 1s more debatable for cconometric modeliing in
a multivaniate framework. Ericsson, Hendry and Tran (1994) summarises
polar positions: Wallis {(1974) considers the implications of estimation with
scasonally adjusted data when the DGP relationship invelves unadjusted data
whereas Sims analysed the converse situation; estimation with unadjusted data
when the DGP relationship involves the non-seasonal components. In cach
case the model 1s mus-specified (the dynamics alters) and estimates are
generally inconsistent. " The same considerations are relevant for filtered
data: separate cycle and growth may be useful for descriptive analysis but
their use for econometric relationships depends on the conjectured DGP. A
similar reasoning can be made about the alteration of wvartability and

? They can be useful only it the cyclical components result as Ustationary™,

{ S - - P -
"Eriesson. Hendry and Tran compared both type of madels. They found no differences lor
cotntegrating relatonships but alieration of dynamics and exogeneity status.
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rersistence: (1llered and raw data have different sample moments but which is
the appropriate depends on the beltefs about the DGP (as o King and
Rebelo 1993,

Whenever  economic  agents  were  suppesed  not to o separate
compenents a UWallis effect” (see Hendry and Mizon. 1979) may alter
cconometric relationships as follows when used “filtered series™

a(Lyy, = B(Lyx, +u, uy - DO, o)
}’lLl = 0 (L) Y
xl.‘l - 'Y (L) xl

where ¢ (1) and B (LY are polvnomials in Lo and & (L) and v (L} we
linear filter. such as G(L) or C(L) {sce cquations (4) and (5. Then

Ly = Bx" + Bl - vy 1 x + dLiu,

Using filtered series i dynamie cconometric madels implies  -for
different filters- un “omitted variable problem™ (from the second term) and an
“uutecorrelation problem” (from the third term). both as part of the error term.
This shows that a necessary condition (o obtain consistent estimators is 10
adjust the series using the same A there
o (L) = v (L)). Such requircment may be critical if different parameters are
appropriate for each series, according to their univariate behaviour.

However, even if this not the case, avtocorrelation would stifl be
present’ and. therefore, inconsistent and inefTicient estinates would arise in
dynamic equations like one of a VAR system. Al depends on the “beliefs™
about the DGP: whether or not “unadjusted” data enter the model. But, thix
would be testable since the presence of autocorrciation idilterent from first
ordery when using filtered data would be an indication of the presence of a
“Wallts effect™.

There is another question related o "exogencity” when using a
filtercd sertes as explanatory variable, Condintoning on (sequential data) “x.”

4

I . - . . - .
Lhiless the assumption about the original disturbunce is not correct and the same Hlter tor y,
miakes this term white noise,
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is here modified since ™x;"7, that 1s filtered “x,”. supposes an information set
which includes future information within samplc but not known at each t.

1t is worth noting that, even when suitable evaluated cross correlations
{tuking into account adjusted SEy could be part ol a “explorative™ analysis,
there is no guaraniee of obtaiping unbiased estimates of such  limear
relationships il more  variables contribute to explain them. The bivariale
correlations are also mere likely to be unstable as Bardsen, Pisher and
Nvmocn (1995) showed for activity- inflatton and real wages-unemployment
using the UK and Norwegian data.

On the other hand, regressions that use “HP fittered series™ require not
only the same A when adjusting all the series but alse a carcful study of the
residual  autocorrelation in dynamic models to avold incensistencies. This
testing could be useful to evaluate whether or not evidence rejects the
conjectured model involving unadjusted vartables.

Finally, an alternative approach to pre-filtering series for multivariate
dynamic econometric modelling is to leave the data “inform™ about different
filters. Seasonality, long-run, and cyclical behaviour can be jointly modelled
following a “eeneral to particular” approach ( see Hendry, 1995). “Lincar
filters”™ - as G(L) or C(L) of equation () v (5)- can be embedded m “lincar
(dynamicy models™  withour “constraining” the lag weights (the 7w
Howcver. these “data-based™ filters would use only “pext™ infermation (| > 0
) in the “conditioning™ set.

7. Some examples for macro-aggregates of Argentina

In this section the evaluation previously suggested for descriptive-
explorative anatysis is illustrated with argentine macro-aggregates: a subset ol
series'” (GDP, consumption. investment, trade flows and M) considered by
Kydland and Zarazaga (1997). Firstly, the uaivariate behaviour of the eyelical
components ¢, s studied by observing autocorrelations and performing
usuil unit-root tests. Then. cross correlations are evaluated using the SE
which altow statistically differentiation from the “spurious correlation™ case' .

D g . - - - - - . .. N
" The series are taken from the Statistical Appendix of the Eeanomic Ministry and the Central
Bank of Argentina.
13 - - - -
or simplicity only “time domam™ tools are presented.
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Appendix 2 reports  Dickey-Fuller statistics and autecorrelations
(tables 2.1 and 2.2). For all the series these statistics (or their augmented
versions when necessary) reject the null of a unit root (at traditionat levels) for
the cyclical component except in the case of investment. For this series,
dilferent & were tried (from 400 to 6400) bul the null cannot be rejected in any
case. Visual inspection of the respective autocorrclations confirms that
cstimated cycles look like “stationary series” being also far from a “noisy”
behaviour.

Table 2.3 and 2.4 in the Appendix 2 show the relation between the
cyclical component of GDP ant those of the other macro-aggregates. They are
very similar to the obtained by Kydland and Zarazaga, both volatility and
correlations for all the series. In particular cross correfations look quite high.
However, when “genuine” correlation (see Table 2.4 ) are evaluated using
the adjusted  SE, the case of M1 cannot be detected as significant (the 95%
confidence for a zero cross-correlation includes the computed vaiue). Then, in
the case of money, corretation cannot be cmpirtcally distinguished from the
spurtous case. The rest of the evaluated series remains showing sienificant
correlations'™,

8. Conclusions

Different shortcomings and drawbacks of the Hodrick- Prescott filter
have been pointed out in the literature which at the same time do not appear to
have had great effects on its wide use in empirical rescarch. This paper
discusses these critics trying to see what can be learnt from them.  First,
rescarchers should be aware of the decomposition of the series that the filter
assumes. Then, a less mechanical wse is proposed by testing how the
estimated cyclical component behaves and using autocorrelation adjusted
standard errors to cvaluate cross correlations to differentiate the “genuine™
from “spurious” case.

11 . . - ..
Given the reported Dickey-Fuller statistic. the case of investment cannot be
cvaluated,
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Although the role of the filter as part of a descriptive analysis cannot
be denied (as it cannot be the use of seusonally adjusted series), cconometric
dynamic modelling of filtered serics is more problematic if the data generating
process involves untiltered series.

Examples of descriptive analysis for macro--aggregates of Argentina
show that not always the filter. mechanicatly applied, is appropriate. Simple
tools could be informative about how the filtered series result and to eviluate
significant cross correlations.
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